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Nonlinear  ocean  waves  with  two-dimensional  surface  patterns  in  shallow  water  are 
studied  analytically  and  experimentally.  The  analytical  model  is  a  family  of 
periodic  solutions  of  the  Kadomtsev-Petviashuili  equation.  The  experiments 
demonstrate  the  accuracy  of  these  solutions.  When  these  two-dimensional  waves 
shoal  on  a  planar  beach,  they  quickly  generate  an  array  of  periodic  rip  currents. 
Mach  reflections  of  cnoidal  waves  are  also  modelled  by  these  KP  solutions. 
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1.  -  Problem  statement 

This  research  project  on  ocean  waves  is  based  on  the  following  two  observations:  the 
ocean's  surface  is  two-dimensional  and  the  dynamics  of  waves  on  the  ocean's  surrace  is 
nonlinear.  Both  of  these  factors  become  especially  important  in  modelling  waves  near¬ 
shore  where  the  water  is  shallow  and  waves  ultimately  strike  the  shoreline.  Mathematical 
models  of  waves  in  shallow  water  that  include  two-dimensional  and  nonlinear  effects  and 
that  are  analytically  tractable  are  rare.  This  project  examined  one  of  these  mathematical 
models— the  Kadomtsev-Petviashvili  (KP)  equation.  The  KP  equation  describes  the  evolu¬ 
tion  of  weakly  nonlinear,  weakly  two-dimensional  waves  on  water  of  uniform  depth.  It 
has  many  remarkable  mathematical  properties,  e.g.  it  is  completely  integrable  and  it  has 
an  infinite  hierarchy  of  periodic  and  quasi-periodic  solutions.  We  have  examined  one 
family  of  these  periodic  solutions— KP  solutions  of  genus  2— that  are  genuinely  two- 
dimensional  (short-crested)  and  propagate  with  permanent  form.  Laboratory  experiments 
were  performed  to  (1)  test  the  applicability  of  KP  solutions  of  genus  2  as  models  of  water 
waxes.  (2)  test  the  stability  of  these  water  waves,  and  (3)  examine  the  shoaling  and  runup 
behavior  of  these  water  waves  on  a  planar  beach. 

2.  -  Major  results 

Our  major  results  are  as  follows.  Experiments  in  w'ater  of  uniform  depth  demonstrate 
the  existence  of  a  family  of  genuinely  two-dimensional,  shallow-water  waves  that  are 
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fully  periodic  in  two  spatial  directions  and  time.  These  waves  are  easy  to  generate  and  are 
extremely  robust,  maintaining  their  form  up  to  breaking  amplitudes.  They  propagate  with 
practically  no  change  in  form  for  distances  up  to  25  wavelengths  (the  basin  length),  even 
in  the  presence  depth  perturbations  comparable  to  wave  amplitudes.  Moreover,  the  KP 
model  of  these  waves  is  remarkably  accurate.  This  accuracy  persists  even  for  experimen¬ 
tal  wavetrains  that  are  well  outside  the  putative  range  of  validity  of  the  KP  equation. 

When  a  symmetrical  subset  of  the  experimental  wavetrains  in  water  of  uniform  depth 
that  are  described  accurately  by  symmetrical  KP  solutions  of  genus  2  are  incident  on  a 
wide  planar  beach,  they  retain  their  hexagonal  surface  patterns  up  to  and  subsequent  to 
breaking.  In  fact,  the  hexagonal  patterns  remain  detectable  in  the  runup  (swash)  zones  on 
the  beach  faces.  In  addition,  they  quickly  generate  periodic  rip  currents  along  the  beach 
with  a  spacing  of  one-half  the  longshore  wavelength  of  the  incident  waves.  KP  theory  for 
the  incident  waves  in  the  uniform  depth  region  offshore  provides  a  plausible  explanation 
and  prediction  for  the  narrow  widths  of  the  rip  currents.  An  estimate  of  the  rip-current 
widths  is  one-half  the  cross-shore  wavelength  of  the  incident  waves.  When  an  asymmetri¬ 
cal  subset  of  the  experimental  wavetrains  in  water  of  uniform  depth  that  are  described 
accurately  by  asymmetrical  KP  solutions  of  genus  2  are  incident  on  a  wide  planar  beach, 
they  also  retain  their  surface  patterns  up  to  and  subsequent  to  breaking.  In  addition,  they 
quickly  generate  periodic  rip  currents  that  migrate  along  the  beach. 

When  one-dimensional  cnoidal  wavetrains  (KP  solutions  of  genus  1)  are  obliquely 
reflected  by  a  rigid  barrier,  the  incident  and  reflected  waves  interact  nonlinearly  to  form  a 
two-dimensional  wave  pattern  in  a  wedge-shaped  region  along  the  barrier.  This  pattern 
includes  a  wave  crest  that  is  perpendicular  to  the  reflecting  barrier  known  as  a  Mach  or 
stem  wave.  (This  nonlinear  reflection  is  termed  Mach  reflection  in  gas  dynamics.)  Sym¬ 
metric  KP  solutions  of  genus  2  are  shown  to  model  the  two-dimensional  surface  waves 
near  the  reflecting  barrier.  The  KP  model  indicates  that  both  the  heights  and  crestlengths 
of  the  stem  waves  at  the  barrier  attain  steady-state  values. 
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